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Abstract. In this paper, we examine holomorphic Segre preserving maps between the 
complexifications of real hypersurfaces in C"+^. In particular, we find several sufficient 
conditions ensuring that Segre transvcrsality and total Scgrc nondcgeneracy of the maps 
must hold. 



1. Introduction 

Let M C C""*"^ be a real analytic hypersurface, with p G M, given locally near 
p by the real analytic defining function p{Z,Z). The complexification of M is a 
holomorphic hypersurface of C^""*"^ given locally for {Z,Q ^ C"+^ x C"+^ near {p,p) by 
Ai = {{Z,Q : p{Z,() = 0}. Let Q C C""*"^ be an open neighborhood of p such that 
M is defined on x where *fi := {Z : Z G Given any (Z, () G x 

the Segre varieties and of M are given by := {C G *r2 : p{Z, Q = 0} and 
:= {Z G : p{Z,C) = 0}. For (Z',C') coordinates on C"+i x C"+\ let M' C C"^^ 
be a real analytic hypersurface, with p' G M', and denote its complexification by Ai' and 
its Segre varieties by S'^, and S^,. Let 7i : C^"^^ ^ ^2n+2 ^ holomorphic map defined 
near {p,p) sending [Ai, {p,p)) into {Ai' , {p' , p')) . Furthermore, we will assume that for 
any (Z, C) G M, there exists (Z', C') e -M' such that n{{Z} x S^) C {Z'} x E'^, and 
n{f:<: X {C}) C S'^, X {('}. We claim that H, when restricted to is a map of the form 

n{zx) = {H{z),H{c)), 

where H, H : C""*~^ C"''"^. This fact was proven for hypersurfaces in [6], but it is true 
for generic submanifolds of higher codimension as well (see [1], [2]). 

We will call such a map a holomorphic Segre preserving map (HSPM). Utilizing the 
notation '(f{z) := if{z), we observe that if H = H, then H is a. holomorphic map defined 
near p sending {M,p) into {M',p'). Such maps have been extensively studied. However, 
HSPMs are relatively new and unstudied objects (for related recent work, see [1], [2], and 

m)- 

It can be shown (see, for example, [3]) that there exists a holomorphic change of 
coordinates Z = {z, ly) G C"' x C, vanishing at p, and an open neighborhood of 
such that in these coordinates M is locally given by {{z,w) & fl : w = Q{z, z,w)}, 
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where Q{z,x,t) is a holomorphic function defined near in C" x C" x C and satisfying 
(5(0, X, 7") = Q{z, 0, r) = r. Such coordinates are called normal coordinates. 

We now express several geometric conditions under the assumption that M is given 
in normal coordinates (for coordinate- independent definitions see, e.g., [1], [3], [8]). We 
remind the reader that the generic rank of a holomorphic map (p{Z) is the largest integer 
r such that there exists an r x r minor of the matrix (|§) which is not identically 0. We 
say that M is of finite type at (in the sense of Kohn [7j and Bloom and Graham [1]) if 
and only if Q{z, x, 0) ^ 0. Otherwise, M is said to be of infinite type at 0. In addition, 
we have: 

(i) M is holomorphically nondegenerate at if and only if there exists an integer K 
such that the generic rank of the map (X) ''") ^ {Q^'^^^^^^'^))\a\<K is ^ + 1- 

(ii) M is of class C at if and only if there exists an integer K such that the generic 
rank of the map x ^ (^^"(0' X) 0))|^|^^ is n. 

(iii) M is essentially finite at if and only if there exists an integer K such that the 

map X ^ {Qz"iO,x,0))\^\<K fi^^*^- 

(iv) M is finitely nondegenerate at if and only if there exists an integer K such that 
the matrix with rows given by ((5^^2C«(0, 0, 0)) |^|^^, 1 < j < n, has rank n. 

In [9], Stanton proved that if M is connected and holomorphically nondegenerate at 0, 
then it is holomorphically nondegenerate everywhere. The above definitions thus imply 
that finite nondegeneracy at ^ essential finiteness at ^ class C at ^ holomorphic 
nondegeneracy. We mention here that the notion of class C was only recently introduced 
in 2007 by Lamel and Mir in [8]. 

For the remainder of this paper, we will assume that M, M' C C"'^^ are given in 
normal coordinates hj w = Q(^,X,t) and w' = Q' {z' , x' , t') , respectively. We will also 
assume that all HSPMs send {A4, 0) into {Ai', 0) and are given in the form 

T-(-{z,w,x,r) = {H{z,w),H{x,t)) = {f{z,w),g{z,w),f{x,r),g{x,T)), 

where / = (/^, . . . , /") and / = (/^, . . . , /'") are C"- valued holomorphic functions, and g 
and g, called the transversal components of Ti, are C-valued holomorphic functions. We 
will write z = {zi, . . . , Zn) and x = iXii • • • i Xn) (similarly for z' and x')- 

It is easy to see that normality of coordinates implies that gw{0) = ^r(O) (see [1]). 
We say that H is Segre transversal to A4' at if gw{0) = ^r(O) 7^ (see [lO]). H is 
said to be totally Segre nondegenerate at if both of the following two conditions hold: 
det [fz{z, 0)) ^ and det (/^(X) 0)) ^ 0. If only one of these conditions holds, then H is 
partially Segre nondegenerate at 0. We say that Ti. is transversally null if both g{z, w) = 
and g{x,T) = 0. 

Remark 1.1. It is interesting to note that with HSPMs it is not necessarily true that g = 
<^ g = 0, nor is it necessarily true that det {fz{z, 0)) = -v^ det {fxiXi 0)) = 0. For ex- 
ample, let M, M' C be given by M = {Im w = and M' = {Im w' = + 
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Thus, M = {w - T = 2iziXi} and M' = {w' - t' = 2iz[-x'^ + 2i4x2}- Define 

H{z, w, X, r) = (^Z2 + Z1Z2, -Z2, 2wz2, 2xi, 2xi + ir, 0^ . 

Observe that H sends {M,0) into {M',0), hut g ^ 0, g = 0, det {f^{z,0)) ^ 0, and 
det (/^(x,0)) =0. 

If M' is of infinite type at 0, then given any C"-vaIued holomorphic functions f{z, w) 
and /(x, r) defined near and satisfying /(O) = /(O) = 0, the HSPM H^z, w, x, t) = 
(/(2;,-u;),0,/(x,t),0) sends {M,0) into {M',0). In fact, if M is of finite type at 0, then 
these are the only possible HSPMs (see Lemma 12^21) . What if we insist that M' be of finite 
type at 0? We have the following result which is a generalization of a result of Ebenfelt 
and Rothschild ([5]). 

Theorem 1.1. Let M, M' C C"^""^ be real analytic hypersurfaces, with M' of finite type at 
0, and let TC be an HSPM sending 0) into {A4', 0) . IfH is totally Segre nondegenerate 
at 0, then Ti is Segre transversal to M.' at 0. 

Ebenfelt and Rothschild ([5]) prove a similar result for holomorphic maps H sending 
M into M'. The proof of Theorem 11.11 follows their proof almost exactly, with only the 
obvious modifications {z and tv are replaced by x a^id r, respectively, and / and g are 
replaced by / and g, respectively). Thus, we will not present the proof here. (The proof, 
however, can be found in |T].) 

What if we impose conditions on M, rather than M'? The next three theorems 
address this. 

Theorem 1.2. Let M, M' C C"""*"^ be real analytic hypersurfaces, with M holomorphically 
nondegenerate, and let Ti be an HSPM sending (7W,0) into (7W,0). Then one of the 
following two possibilities must hold: 

(i) H IS transversally null, andQ' (^f{z,w)J{x,r),0^ = 0. That is, n{C^''+^) C M' . 

(ii) Ti is a biholomorphism near some p & M.. Furthermore, M' is holomorphically 
nondegenerate. 

Theorem 1.3. Let M,M' C C"^^ be real analytic hypersurfaces, with M of class C at 
0, and let Ti be an HSPM sending (7W,0) into (A^',0). Then one of the following two 
possibilities must hold: 

(i) n IS transversally null, andQ' (^/(2, w), /(x, r), o) = 0. That is, n{€?'^+^) C M' . 

(ii) Ti is Segre transversal to Ai' at and totally Segre nondegenerate at 0, and Ti is 
a biholomorphism near some p & Ai. Furthermore, M' is of class C at 0. 

Theorem 1.4. Let M,M' C C"''"^ be real analytic hypersurfaces, with M finitely non- 
degenerate at 0, and let Ti be an HSPM sending (7W,0) into (7W,0). Then one of the 
following two possibilities must hold: 
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(i) n IS transversally null, and Q' \^f{z, w)J{x, r), Oj = 0. That is, ^(€^"+2) c M' . 

(ii) Ti is Segre transversal to A4' at 0, det (/2(0)) ^ 0, and det (/x(0)) ^ 0. That is, 
Ti is a biholomorphism near 0. Furthermore, M' is finitely nondegenerate at 0. 

Another distinguishing feature of HSPMs is the fact that since / is not necessarily 
the complex conjugate of /, then the lowest order homogeneous polynomials in the Taylor 
expansions of det (/^(ZjO)) and det (/x(X)O)) may not agree up to a constant, assuming 
neither determinant is identically (see Example 13. 5p . Also, it is possible to have one 
determinant identically 0, and the other not identically (see Remark II. ip . If M' is 
finitely nondegenerate at 0, however, we have the following. 

Theorem 1.5. Let M,M' C C""^^ be real analytic hypersurfaces with M' finitely nonde- 
generate at 0, and let Ti he an HSPM, totally Segre nondegenerate at 0, sending (A^,0) 

into (A^',0). Assume det [fz{z,0)) = Y^jPji^) o'^c? det (/^(x, 0) j = J2k^k{x), where 
Pi and Qi are homogeneous polynomials of degree I. Choose jo so that Pj^{z) ^ 0, but 
Pj{z) = for j < jo- Similarly, choose so that qka{z) ^ 0, but qk{z) = for k < k^. 
Then jo = ko, and Pj^{z) = cqko{z) for some nonzero constant c. 

This result is essentially sharp. Even if M' is essentially finite at 0, we will see an 
example in Section [3] where the preceding theorem fails. If M,M' C C^, however, then 
we can be even looser with our hypotheses. We have the following. 

Theorem 1.6. Let M,M' C be real analytic hypersurfaces, with M' of finite type at 
0, and let Ti be an HSPM sending (A1, 0) into (A1', 0). Then the following are equivalent: 

(i) Ti is totally Segre nondegenerate at 0. 

(ii) M is of finite type at 0, and Ti is not transversally null. 

(iii) M is of finite type at 0, and Ti is Segre transversal to Ai' at 0. 

Furthermore, if these conditions hold, then we also have that the order of vanishing of 
f{z,0) equals the order of vanishing of f{xi^)- That is, if the lowest order nonzero term 
of the Taylor expansion of f{z, 0) is cz^ for some nonzero constant c and nonnegative 
integer r, then the lowest order nonzero term of the Taylor expansion of f{x,0) is cx^ for 
some nonzero constant c. If, in addition, M = M' , then Ti is a biholomorphism near 0. 

The organization of this paper is as follows. In Section we prove our main results 
as presented in this section. In Section[3]we provide several examples of hypersurfaces and 
HSPMs between their complexifications. The purpose of these examples is to illustrate 
the necessity of the hypotheses of a particular result or to demonstrate that a particular 
result is essentially sharp. 

2. Proofs of main results 

2.1. Proof of Theorem 11.21 Before proving Theorem II. 2[ we recall the definition of 
holomorphic nondegeneracy. A hypersurface M C C""*"^ is holomorphically nondegenerate 
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at p if there does not exist a germ at p of a nontrivial vector field tangent to M of the 
form L = X]j=i ^il-^) ai"' where Z = [Zi, . . . , Zn+i) and each aj{Z) is a holomorphic 
function. 

Now we prove Theorem 11.21 As T-C{Ai) C A^', there exists a holomorphic function 
A{z, w, X, r) defined near such that for all {z, w, x, t) sufficiently close to 0, 

g{z, w) - Q'{f{z, w)J{x, r),g{x, r)) = A{z, w, x, r) {w - Q{z, x, r)) . (2.1) 

If A{z,w,x,t) = 0, then let x = r = in (12.11) to see that g{z,w) = 0. Similarly, let 
z = w = to see that g{x, t) = 0. This, in turn, tells us that Q'[f{z, w), /(x, T),Oj = 0. 
So we now assume that A{z, w, Xi ^) ^ 0. 

If det [Hz{Z)^ = 0, where Z = (z, w), then there exist holomorphic functions rj(z, w) 
and s{z^ w), not all identically 0, such that Lf^ = . . . = L/" = Lg = 0, where 




This is true because there exists a nontrivial vector V of meromorphic functions (the field 
of fractions of holomorphic functions) annihilated by the matrix {^Hz{Z)^. We write each 
meromorphic function as the quotient of holomorphic functions, and then multiply each 
component of V by the product of the holomorphic denominators of the meromorphic 
functions. This gives us L. 

As A ^ 0, we can rewrite (12.11) as follows: 

g{z,w) - Q'{fiz,w)J{x,'r),g{x,T)) = A{z,w,x,t){w - Q(^,X,-^))™, (2.3) 

where A is holomorphic near the origin and not identically zero on Ai, and m G Z"*". 
Apply L to (12.31) to obtain 

= L[A{z, w, X, t)] {w - Q{z, X, t))™ 

+ A{z, w, X, T)m{w - Q{z, x, r))'""^L [w - Q{z, x, r)] . (2.4) 

Dividing both sides by (^w — Q{z,x,t))"^~^, we see that L[w — Q{z,x,t)] = on TW. 
This contradicts the holomorphic nondegeneracy of M. Thus, our assumption that 
det (if^(Z)) = was incorrect. It follows, then, that H{Z) = H{z,w) is a biholo- 

morphism near some point in C"+^. A similar argument applies to H{X} t)- Thus, 7i is a 
biholomorphism near some point in €^'"+2. 

In fact, we can find po & Ai such that ?i is a biholomorphism near pq. Indeed, for 
{x,z,w) sufficiently close to 0, {{XiQix^ ^i"^))} contains an open neighborhood of in 
C"+^ as Q(x,0,w) = w. And by assumption, det (i/^(C)) ^ 0, where C = iXi'^)- So 
choose Xo^zq, Wq sufficiently small so that 

det (^c(xo,Q(xo,^o,^o))) 7^ 0. (2.5) 
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As det (^Hz{Z)) ^ 0, we can choose {zq,wo) so that det (^Hz[zo,Woj) ^ 0, and also so 
that (ESD holds. 

Now we show that M' must be holomorphically nondegenerate. For simplicity, as- 
sume A4 and Ai' are connected and that A4 is defined on B x B, where B C C"-"*"^ is a 
ball of sufficiently small radius centered at 0. We will also assume, hoping for a contra- 
diction, that M' is holomorphically degenerate. Thus, it is holomorphically degenerate at 
all points, in particular at 0. Let 

n+l 

be a nontrivial holomorphic vector field defined in a neighborhood U' of and tangent to 
M' in U'. The preceding paragraph implies that there exists (Z^Xo) ^ {U' x *U') fl Ai' 
such that T-C~^ exists near (Zq, Cq). 

Therefore, near the point {Zq,('o) '■= {H{zo,Wo), H{xoiQ{Xoi Zo,Wo)), we see that 
if p{ZX) = w — Q{z,Xit), then (p o H^^){Z' , (') is a defining function for A4'. Thus 
L'Ip o n~^) = for (Z', C') ^M' near {Z'q, Q. This then implies that H;^L'{p) = for 
(Z,C) G A^near (zq, w'o, Xo, Q(Xo, 2^0, w'o)) as (Z', CO e M' if and only if ^-^(Z', C') G 

Note that if L := d{z,w)-^ + YTj=i'^ji^i'^)'^ tangent to M, where d{z,w) and 
Cj(2;, w) are holomorphic functions, then d{z, w) = 0. Indeed, apply L to w — Q{z, x, r) to 
see that for all {z, w, Xj ^ -M., d{z, w) — Yl^=i '^ji^i ^)Qzj{.z, x, r) = 0. But normality of 
coordinates implies that (z, w, 0, u;) G 7W for all (z, ty) sufficiently small. As Qz^ (-2, 0, w) = 
0, it follows that d{z, w) = 0. Thus, we can write 

" d 

j=l 3 

The fact that this vector field is in terms of Z only, and not follows from the fact that 
n-\Z',C') = {H-\Z'),H-\C'))- Write 

Qix, z,w) = ^ qa{z, w)x'^- 

a 

So we see that 

n 

^aj{z,w)qa,zj{z,w) =0 (2.6) 
i=i 

near {z,w) = {zq,Wq) for all a. To complete the proof, we present a lemma which is a 
slight rewording of Lemma 1L3.11 in [3]. We remind the reader that each qa{z,w) is 
defined on the ball B. 
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Lemma 2.1. Assume there exists {zo,wo) G B and a germ at {zo,wo) of a nontrivial 
C"' -valued holomorphic function a{z, w) = {ai{z, w), . . . , a„(z, w)) such that 

n 

^aj{z,w)qc,^^^{z,w) = 0, 

for all a and all (z, w) near [zq, wq). Then there exists a nontrivial -valued holomorphic 
function b{z, w) = {bi{z, w), . . . , bn{z, w)) defined m B such that 

n 

^bj{z,w)qa,z,{z,w) =0, (2.7) 
i=i 

for all a and all {z, w) G B. 

To complete the proof of our theorem, we define 

L:=5^6,(^,u;) — , (2.8) 

j=i J 

where the bj are as given in Lemma 12.11 Then L is a holomorphic vector field tangent to 
M on B, which implies that M is holomorphically degenerate, a contradiction. □ 

2.2. Proof of Theorem 11.31 We first present two lemmas. 

Lemma 2.2. Assume M is of finite type at and M' is of infinite type at 0. Then the 
only HSPMs sending [Ai, 0) into {A4', 0) are of the form 

n{z,w,x,r) = {f{z,w),Oj{x,T),0), (2.9) 

for any C^-valued holomorphic maps f{z,w) and /(x,r) satisfying /(O) = /(O) = 0. 

Proof. As Ti. sends Ai into Ai', there exists a holomorphic function A{z, w, x, t) such that 

g{z,w) - Q'{f{z,w), f{x,T),g{x,T)) = A{z,w,x,t){w - Q{z,x,'r)). (2.10) 

As normality of coordinates implies that g{z, 0) = g{Xi 0) = 0, and M' being of infinite 
type at implies that Q'{z', x', 0) = 0, we substitute r = into fl2.10p to see that 

giz, w) = Aiz, X, 0) {w - Qiz, x, 0)) . (2.11) 

However, M is of finite type at 0, which implies that Q{z, x, 0) ^ 0. Yet Q{z, 0, 0) is 
identically zero. Thus, Q{z, x, 0) must depend on x- Assume A{z, w, x, 0) ^ 0, and write 
A{z, w, X, 0) = YlJLi Oj(^) x)^"*- Notice that we start our index j at 1 instead of 0. Indeed, 
if we substitute w = into (12.111) . we see that A{z,0,Xi^) = 0- Let jo be the smallest 
positive integer such that Ojg ^ 0, but Oj = for all j < jo- Then when we Taylor expand 
the right hand side of (12.111) in w, the lowest order term (i.e., the term with the smallest 
w exponent) is — aj(,(2;, x)Q(-z, 0)iy-'°. Therefore, the right hand side of (12.111) depends 
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on Xi but the left hand side does not. This is a contradiction. Thus, our assumption that 
A{z, w, X, 0) ^ is incorrect, implying that g{z, w) = 0. Similarly g{x, r) = 0. □ 

Lemma 2.3. Let M, M' , and Ti he as in Theorem Assume g{z,w) ^ 0. Then 
det (/x(X)O)) ^ 0. Similarly, g{Xj''~) ^ implies that det {fz{z,0)) ^ 0. 

Proof. We will prove the contrapositive. Assume det (/^(XiO)) = 0. We will show, then, 
that g^k{z,0) = for all k. This in turn implies that g{z,w) = 0. We start with the 
identity 

g{z, Q{z, X, 0)) = Q' (/(^, Q{z, X, 0)) , f{x, 0), o) . (2.12) 
Take ^ of (12121) to get 

^ n 

g^ {z, Q{z, X, 0)) - J2 Q'^', (/(^' X, 0)) , fix, 0), o) fl {z, Q{z, x, 0)) 
V i=i 

X {Q^{z,x,0)) = (/x(x,0)) [Q'^>{f{z,Q{z,x,0))Jix,0),0))- (2.13) 
Now assume, looking for a contradiction, that 

n 

g^z, Q{z, X, 0)) - Q'z'^ (/(^' Qi^^ X, 0)) , fix, 0),o)fi{z, Q{z, x, 0)) ^ 0. (2.14) 

Divide both sides of fl^TT^ by fimj) to get 

Q^{z, X, 0)) = (/x(x, 0)) (r(2;, x)) , (2.15) 
where r{z, x) is a C"-valued holomorphic function, defined near and whenever the 

dz 

Q^Az,X,0)) = (/x(x,0)) [Ra{z,x)), (2.16) 

where Ra{z,x) '■= ^^{z,x)- As M is of class C at 0, choose so that the 

vectors Q^2«i (0, x, 0), . . . , (5x2«» (0, x, 0) span C" for all x ^ where C C" is an 

open neighborhood of the origin, and \^ is a proper holomorphic subvariety of U. Extend 
(12.161) to the following matrix equation: 

(Qx.«i(^,X,0),...,gx.-(^'X,0)) = (/x(x,0)) (i?«,(2,x),...,i?a„(2;,x)). (2.17) 

The matrix on the left hand side of f l2.17p is invertible for some {z,x)- This contradicts 
our assumption about det (/x(X)O)). Thus our assumption was incorrect. That is, we 
have 



expression given in (12.141) is not equal to 0. Now take of (12.151) to get 



g^z, Q{z, X, 0)) - Q'z] (/(^' X, 0)) , /(x, 0), Oj fl[z, Q{z, x, 0)) = 0. (2.18) 
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Let X = in (l218ll to see that 

^^(^,0)=0. (2.19) 
This is the base step of our inductive argument. Now assume for some k > 1 we have 

g{z, 0) = g^z, 0) = ... = g^^iz, 0) = 0, (2.20) 

as well as 

g^,{z,Q{z,x,0)) = QU(/(2:,g(2:,X,0)),/(x,0),0)5^(^,x), (2.21) 

l<\a\<k 

where each S^{z,x) is the sum of constant multiples of all possible products of the 
f^i(^z,Q{z,x,0)^, with i < k. To complete our induction, we will show that 

g^,+^{z,Q{z,x,0)) = Yl Q'z"^{f{^^Qi^^X,0)),fXx,0),0)s'^'^\z,x), (2.22) 

l<|a|<fc+l 

where each S^'^^{z,x) is the sum of constant multiples of all possible products of the 
f^i{z, Q{z, X, 0)), with i < k + 1. From this, it immediately follows that 

g^,+.{z,0)=0. (2.23) 

Take ^ of (Km . This gives us 

g^.+^{z,Q{z,x,0)) - Y QU(/(^'^?(^'X,0)),/(x,0),0)5^i(2,x) 

l<|a|<fe+l 

X [Q^iz, X, 0)) = (/^(x, 0)) (t{z, x)) , (2.24) 

where T{z, x) is a C"-valued holomorphic function defined near 0. The induction step is 
now proved exactly as the base case was proved. □ 

Now for the proof of Theorem 11.31 As M is of class C at 0, and thus holomorphically 
nondegenerate, we see that either the first conclusion of Theorem 1 1 . 2 1 holds . or we have g ^ 
and g ^0. Assume the latter. Then Theorem 11.21 implies that 7i is a biholomorphism 
near some p G M. Lemma O implies that det {fz{z,0)) ^ and det (/x(x,0)) ^ 0. 
From Lemma 12.21 we see that M' is of finite type at (since M being of class C at 
implies it is of finite type at 0). Thus, from Theorem 1 1.1 1 we see that Ti is Segre transversal 
to M' at 0. 

Now differentiate fl2.12p with respect to zi, for some /: 

Qziiz,x,^) = 

g^z, Q{z, X, 0)) - Y Q'z', (/(^' X, 0)) , /(X, 0), o) [z, Q{z, x, 0)) ^ 
j=i 
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X I E (^(^' ^' 0)) ' 0)' O) 4 ^(^' X, 0)) - g., [z. Q{z, X, 0)) j . (2.25) 

Notice that the right hand side of (12.251) is in fact holomorphic near as 5'„,(0) 7^ 0. Thus, 
we can rewrite (I2.25P in the following way: 



Pi(q',> (/(2,g(z,x,o)),/(x,o),o 



l<j<n 



,H,^{z,Q{z,x,0)) 



, (2.26) 

g4z, Q{z, X, 0)) - E;=i Q'.^ [f{z, Q{^, X, 0)) , f{x, 0), Oj fl [z, Q{z, x, 0)) 

where Pi is a polynomial defined on C" x C""*"^. We can inductively differentiate (12.261) 
with respect to Zk for some k to get 

Qz-{z,x,^) = 



Pa[Q',,, (/(2,Q(z,x,0)),/(x,0),0 



l/3l<hl 



H^p^^{z,Q{z,x,^)) 



l/3| + l7l<|a| 



g^{z, Q{z, X, 0)) - E;=i Q',' ( /(^, X, 0)) , /(x, 0), O) fi{z, Q{z, x, 0)) 



(2.27) 



where ta G Z"*" and Pa is a polynomial defined on C^" x C'", for some integers ka and /„. 
(Notice that when we differentiate the right hand side of (I2.27P with respect to z^, the 
numerator actually becomes a polynomial function of Qzk{z, x, 0) as well, but we can use 
(12.261) to achieve the form given in (12:271) ). Now set 2 = in (12:271) to get 



Q,.(0,x,0) = i?JQ;„(0,/(x,0),0) 



l|/3|<l"l 



(2.28) 



where Ra is a rational function on C'^" x C'", defined for x sufficiently close to 0. As M is 
of class C at 0, there exist ai, . . . ,an such that Q^^z'^i (0, x, 0), . . . , Q^^c-n (0, x, 0) span C 
for all X £ U\V, where U C is an open neighborhood of the origin, and is a proper 
holomorphic subvariety of U. For convenience, let A; := max(|ai|, . . . , |a„|). Using the Ra 
defined in ( 12.281) . we define a C"- valued rational function R{y) defined (for y sufficiently 
small) on C'*^, where Ik is the cardinality of the set {(3 : \f3\ < k}, such that 



( Q.^i(o,x,o),...,g,.4o,x,o) ) = QU(o,/(x,o),o) 



l/3|<l": 



= i?(Q;„(o,/(x,o),o)||^i^,^. 

We differentiate (12.291) with respect to x, applying the chain rule to get: 



(2.29) 



( Qx^"i(0,x,0), . . . ,Qx^<.n(0,x,0) ) = 
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^ (««(o./(x.o).o)|„„,) j J^(0,/(x,0),0)|,„^,j (|, 

As the rank of the matrix on the left hand side of fl2.30p is n for all x ^ U\V, we see that 

the rank of the Ik y- n matrix ^ ^J^^, (O, /(x, 0), O) ||^|<fcj must also be n for all x ^ ^\^) 

which implies, in particular, that M' is of class C at 0. The proof of Theorem 11.31 is 
complete. □ 

2.3. Proof of Theorem 11.41 We now prove Theorem 11.41 which follows immediately 
from the proof of Theorem 11.31 As M is finitely nondegenerate, and thus of class C, 
at 0, either the first conclusion of Theorem 11.31 holds, or the second conclusion holds. 
Assume the latter. Then the fact that M' is finitely nondegenerate at and the fact that 
det (/x(0)) 7^ follows immediately by letting x = in (12.301) . where we choose ai, . . . , a„ 
so that (5^2-1(0), . . . , Qycz-n{0) span C". Similarly, det (/^(O)) ^ 0. □ 

2.4. Proof of Theorem 11.51 We begin with a lemma. 

Lemma 2.4. Let M be finitely nondegenerate at 0. Then for any neighborhood G 
U C C", there exist Oi, . . . , a„ G ?7 such that the vectors Q^(ai, 0, 0), ... , Q^{an, 0, 0) are 
linearly independent. 

Proof. Assume, hoping for a contradiction, that the conclusion is false. Introduce new 
variables rji, . . . ,r]n G C", and \etr]= {rji, . . . , rjn). Define the matrix A{ri) := (^Q^{r]i, 0, 0), 
... ,Q^{r]n, 0,0)). Then there exists an open neighborhood G C C" such that 
det74(?7) = for all rii,...,r]n G V. By finite nondegeneracy, assume Q^^^i (0), . . . , 

(9?7"^ ■ ■ ■ dr]^" 



Qzx'^r^iO) span C". Now take -^-^^ of the identity det74(?7) = to get 



det ( g,^., (?7i, 0, 0), . . . , Q,^.„ ivn, 0,0)]= 0. (2.31) 



This is clearly false, as finite nondegeneracy implies that this determinant is nonzero when 
r] = 0. □ 

We now prove Theorem II. 5[ We remind the reader of (12.131) : 



g^ {z, Q{z, X, 0)) - J2 Q'^', (/(^' X, 0)) , fix, 0), Oj fl {z, Q{z, x, 0)) 

X (q^{z, X, 0)) = (a(x, 0)) (q'^, (/ {z, Qiz, X, 0)) , fix, 0), 0)) . (2.32) 
Complex conjugation gives 

9r (x, Qix, z,o))-Yl % {fix, Qix, ^, 0)) , !{z, 0) , o) n {x, Qix, z, o)) 
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X (g,(x,^,o)) = (/.(^,o)) (gl,(/(x,Q(x,^,o)),/>,o),o)). (2.33) 



Now we will take ^ of the identity 



~9{X,Q{X,Z,0)) =Q'[f{x,Q{x,z,0))j{z,0),0^ (2.34) 

to get 

/ n 

~9r {x, Qix, z,o))-Yl Q'x^ {fix, Qix, ^, 0)) , f{z, 0) , 0) {x, Qix, 0)) 

X (g,(x,^,o)) = (/.(2,o)) (Q'Af{xMx,z,o))j{z,o),o)) . (2.35) 

From Theorem ll.il as M' is finitely nondegenerate at 0, and thus of finite type at 0, 
we know that (7^,(0) = ^t(O) 7^ 0. So the Taylor expansions at of both 

n 

9r (x, g(x, ^, 0)) - 5^ (/(x, g(x, 2,0)), />, 0) , 0) n (X, Qix, 2, 0)) (2.36) 



and 

n 

~9r (x, g(x, ^, 0)) - J] g;, (/ (x, g(x, 2, 0)) , /(z, 0) , 0) ~fi (x, g(x, 2, O)) (2.37) 
i=i 

have nonzero constant terms. From Lemma \2A\ coupled with our assumptions about / 
and /, we can find sufficiently small so that the following hold: 

(i) (a,-, 0)7^0 

(ii) ^(a,-, 0)7^0 

(iii) gl(/(ai,0),0,0),...,g;(/(a„,0),0,0) span C" 

(iv) gl(/(ai,0),0,0),...,gl(/(a„,0),0,0) span C". 
Now define 

rj{z) := 

n 

^.(a,,g(a,-,z,0)) -^g;,(/>,,g(a,-,z,0)) J^(z,0),0)/^^(^^^ (2.38) 



and 



~9r{a„ Q{aj, z, 0)) - Q'x', (/K' ^' 0)) ' /(^' 0)' o)/^' ^K' ^' 0)) • (2-39) 
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Note that our choice of aj imphes that ^^(0) 7^ and Sj{0) 7^ 0. Thus we can form new 
matrix equations from (12.331) and (12.351) by extending the column matrices as follows: 



/ Q^^{ai,z,0) ... Q^^{an,z,0) \ 

ri{z) 

(/(ai,Q(ai,^,0)),/(^,0),0 



\ !i{z,o) ... !z{z,o) J 

(^/(a„,Q(a„,^,0)),/(2,0),oj ^ 
r,i{z) 

Q'.'„ ( f{a„,Q{a„,z,0)) ,/>,0),0 



X 



(2.40) 



ri{z) 



and 



/ Q,,{ai,z,0) ... Q 

zi \(^ny 

V <3^„(ai,2;,0) ... g^Ja„,,z,0) / 

^ Q'.[ (^f{ai,Q{ai,z,0)) ,f{z,0),oj 



\ 



si{z) 

t'„[f{auQ{ai,z,0)),f{z,0),0 



fliz,0) ... fl{z,0) 
fliz^O) ... fliz^O) 

t>(f{an,Q{ar„z,0))j{z,0),o) ^ 



J 



X 



Sn{z) 

t'„{f{an,Qian,z,0))j{z,0),0 



(2.41) 



Sl(z) ' ' ' Sn{z) 

We set the right hand sides of (12.401) and (I2.4ip equal, and take determinants to see that 
for z sufficiently small 



(n \ in' 

n^.Wj = (det(/,(^,0)))(detD(z)) \^r,{z) 



where 



(2.42) 



C{z) :- 



and 



/ Q4(/(ai,Q(ai,2,0)),/>,0),0j ... Qlj(/(a„,Q(a„,z,0)),/>,0),0) \ 

\ Ql,(/(ai,Q(ai,2;,0)),/>,0),0) ... Q',, (/(a„, Q(a„, 2, 0)) , />, 0), o) / 

D{z) : = 



(2.43) 
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/ Ql,(/(ai,Q(ai,2,0)),/(^,0),0) ... Ql,(/(a„,g(a„,z,0)),/(z,0),o) \ 

: : : . (2.44) 

\ Ql,(/(ai,g(ai,^,0)),/(z,0),o) ... Q',, (/(a„, Q(a„, 0)) , /(^, 0), o) / 

However, det C(0) ^ 0, U]=iSj{0) ^ 0, detD(O) ^ 0, and n"=i^i(0) 7^ 0. Thus, 
(12.421) implies that the lowest order homogeneous polynomial in the Taylor expansion of 
det (^f{z,0)) is equal (up to a constant) to the lowest order homogeneous polynomial in 
the Taylor expansion of det [f{z,0)). The theorem follows. □ 

2.5. Proof of Theorem 11.61 First we show that (i) implies (ii) and (iii). Theorem 11.11 
implies that Ti is Segre transversal to Ai' at 0. The fact that M is of finite type at 
follows from the identity 

g{z, Qiz, X, 0)) = Q' [f{z, Qiz, X, 0)) , fix, 0), o) . (2.45) 

Indeed, if M is not of finite type at 0, then Q{z, x, 0) = 0, and equation ()2.45p becomes 

= Q'(/(z,0),/(x,0),0). (2.46) 

(Normality of coordinates implies that g{z, 0) = 0.) However, this contradicts the fact 
that M' is of finite type at 0, as fz{z, 0) ^ and f^iXi 0) ^ 0. 

We note that each of (ii) and (iii) imply (i). This follows from the fact that in C^, 
being of finite type at is equivalent to being of class C at 0. Thus, (i) follows from 
Theorem 11.31 

Now we prove that f{z, 0) and f{x, 0) have the same order of vanishing. As M is 
of finite type at 0, we have that Q{z, x, 0) ^ 0. Due to normality of coordinates, we can 
write 

Q{z, X, 0) = x"^«(^) + X"^^V(^, X), (2.47) 
where a{z) and f3{z, x) are holomorphic functions defined for z and x near 0, m is a 
positive integer, and 

a{z) = J2^3^^ (2-48) 

j=r 

is the Taylor expansion for a{z), with 7^ 0. In a similar manner, we can write 

Q{z, X, 0) = z'^aix) + z^'^^Piz, x), (2.49) 
where a{x) and /?(z,x) are holomorphic functions, n is a positive integer, and 



'AX) = Y.~^,X' (2.50) 



is the Taylor expansion for a(x), with 7^ 0. We make the following observation. 
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Observation 2.5. m = n and r = s. 

Indeed, by the reality of our liypersurface, 

Q{z,xMx,z,0))=0. (2.51) 

Due to normality of coordinates, expanding the left hand side of this identity gives us 

- Q{z, X, 0) = Qix, z, 0) (1 + xz<P{x, z)) , (2.52) 

where (p{x, z) is a holomorphic function defined near x = z = 0. Taking the complex 
conjugate of fl2.47p . it follows that the nonzero term in the Taylor expansion of the right 
hand side of fl2.52p with the smallest z exponent, and then the smallest x exponent given 
this z exponent, is cirZ'^x^- K follows then that the nonzero term in the Taylor expansion 
Q{z, X, 0) with the smallest z exponent, and then the smallest x exponent given this z 
exponent, is —cirz'^x^ ■ However, this is equal to asz"'x^ by (I2.49p . This proves Observation 
E51 

Now back to the proof of Theorem II. 6 [ There exists a holomorphic function A{z, Xi 
t) defined near such that 

g{z,w) - Q'{f{z,w)J{x,r),g{x,r)) = A{z,x,w,t){w - Q{z,x,t)). (2.53) 

Letting w = t = in (12.530 . we have 

Q'{f{z, 0), /(x, 0), 0) = A{z, X, 0, 0)Q{z, X, 0). (2.54) 

The left hand side of (12.531) has a pure w term, as 5'«,(0) 0. Thus, the right hand 
side must have one as well, implying that A{0) ^ 0. In light of Observation 12.51 if the 
nonzero term in the Taylor expansion of the right hand side of (12.541) with the smallest 
z exponent, and then the smallest x exponent given this z exponent, is cz^x^? for some 
c 7^ 0, then the nonzero term with the smallest x exponent, and then the smallest z 
exponent given this x exponent, is dx^z"^, for some d ^ 0. Thus, the same goes for the 
left hand side of (I2.54p . As M' is of finite type at 0, Observation 12.51 implies that f{z,0) 
and f{x, 0) must have the same order of vanishing. In particular, if M = M', then f{z, 0) 
and f{x, 0) must have linear terms, implying that 7i is a biholomorphism near 0. □ 

3. Examples 

In order to simplify notation in this section, we will drop the convention of using a 
' to designate the coordinates of the target hypersurface. The context will render this 
simplification unambiguous. 

In Theorem 11.11 we cannot weaken the hypothesis that M' is of finite type at 0, as 
the following example illustrates. 

Example 3.1. Let M = M' C be given by 
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Then its complexification is given by 

M = {w = re*"^}. 
Note that M is of infinite type at 0. Let 

This map satisfies the criteria of Theorem ll.il yet is not Segre transversal to A4' at 0. As 
an aside, notice that H = H, and thus the map H(z, w) = (^V^z, w'^) sends M into itself. 

The conclusion of Theorem 11.21 does not necessarily hold if M is holomorphically 
degenerate, as the following example illustrates. 

Example 3.2. Let M, M' C be given by M = {Im w = and M' = {Im w = 

+ k2p}- Notice that M is holomorphically degenerate and M' is finitely nondegen- 
erate at 0. Define H{z,w, x,t) = {zf,2zi,w'^, 2zxi, Xi^i t^)- Then H sends {Ai,0) into 
{M.', 0) and is not transversally null. Notice, however, that Ti has Jacobian determinant 
identically zero. In addition, Ti. is neither totally nor partially Segre nondegenerate at 0, 
nor is Ti. Segre transversal to A^' at 0. 

The conclusion of Theorem 11.21 cannot be improved to that of Theorem 11.31 As an 
illustration, notice that in Example 13. H A4 is holomorphically nondegenerate, yet Segre 
transversality does not hold. Also, Segre nondegeneracy may not hold as the next example 
illustrates. 

Example 3.3. Let M, M' C be given by M = {Im w = + |-22p} (defined 

implicitly) and M' = {Im w = l^ip + |2;2p}- Notice that M is in fact given in normal 
coordinates as we have 

T + 2iZ2X2 



M = <w 



1 - 2iziXiT 

It can be checked that M is holomorphically nondegenerate and M' is finitely nondegen- 
erate at 0. Define 

'H{z,w,x,r) = (^H{z,w),H{x,t)^ = {ziw, Z2,w,xiT,X2,r). 

Then Ti, sends {Ai, 0) into {A4', 0) and is neither totally nor partially Segre nondegenerate 
at 0. Notice also that H = 11 and, thus, H{M) C M'. 

In Theorem 11.51 we note that the agreement of the determinants may end after the 
lowest order homogeneous polynomial. 

Example 3.4. Let M = M' C be the Lewy hypersurface given by M = {Im w = \z\'^}. 
Then M is finitely nondegenerate at 0. Define the following HSPM which sends (A^,0) 
into (A^,0): 

, 2z w ^ ^ 

^(^'^'^'^)=l^^'r3^'2^ + r'" 
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If M' is finitely degenerate at 0, then the next example shows that the conclusion of 
Theorem 11.51 does not necessarily hold, even if M' is essentially finite at 0. 

Example 3.5. Let M, M' C be given by 

M = jlm «; = 2Re(zi^2 + ^4(^1 + ^3 + ^5) + 2^2(^3 + ^5)) + kaP + \zi\'^ + ^5!^}, 

M' = jlm ^i; = 2Re(23^4) + \zi? + 1^21^ + I^sT}- 

Note that M is finitely nondegenerate at 0, and M' is essentially finite at 0. The com- 
plexifications are given by 

A ^ f ^ ~ 2 2 

M = < ^. = Z1X2 + X1Z2 + 2^4X1 + X4^i 

+ZIX3 + Xlzs + zjxl + Xlzl + 2^2X3 + X22;3 + 2:2X5 + X22;5 + 2^3X3 + 2^4X4 + 2^5X5 
, ., ( W - T 2 2 

M = < = Z3X4 + X3Z4 + 2:1X1 + 2:2X2 + 2:5X5 

Let n{z,w,x,T) = {h{z,w),H{x,t)^ = (^f{z,w),g{z,w),f{x,^),9{x,^)^ be de- 
fined by 

H{z, W) = {zi + Z3, zj + Z2, Zi+ Z3 + zj, Z5, 2:3, w) , 

and _ 

Hix, T") = (X2, Xi + X3 + Xs' X2 + X4 + xi X4, X3, r) . 
It is easy to show that ^-C{^A) C J\A', yet a simple computation proves that det {fz{z, 0)) = 
22:4, and det (/^(x^O)) = 2x5- 

Finally we turn to Theorem ll.6[ The fact that (i) implies (ii) and (iii) actually holds in 
for any N > 2. This is clear by examining the first paragraph of the proof of Theorem 
11.61 However, if we let r{z) denote the lowest order nonzero homogeneous polynomial 
in the Taylor expansion of det (/x(2:, 0)) , then the lowest order nonzero homogeneous 
polynomial in the Taylor expansion of det (/^(X) 0)) is not necessarily equal to a constant 
multiple of f{x), as Example 13.51 illustrates. In C''^ for N > 2, the other implications, 
except, of course, (iii) => (ii), do not necessarily follow. Example 13.21 illustrates that (ii) 
7^ (i) and (ii) 7^ (iii). Example 13.31 illustrates that (iii) 7^ (i). 
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